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Abstract
It is well known that the standard scalar field mimetic cosmology provides a dark matter-
like energy density component. Considering SU(2) gauge symmetry, we study the gauge field
extension of the mimetic scenario in spatially flat and curved FLRW spacetimes. Because
of the mimetic constraint, the standard Yang-Mills term plays the role of the cosmological
constant while the mimetic term provides two different contributions: one is the standard
radiation scaling like a−4 while the other contribution in energy density scales as ∝ a−2.
Consequently, in the Friedmann equation we have two different energy densities which scale
as ∝ a−2: one is the mimetic spatial curvature-like and the other is the standard spatial cur-
vature which can compete with each other. The degeneracy between these two contributions
are disentangled in this scenario since the mimetic spatial curvature-like term shows up only
at the dynamical level while the standard spatial curvature term shows up at both dynamical
and kinematical levels.
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1 Introduction
The Einstein theory of general relativity (GR) is not invariant under a conformal transformation.
The direct way to implement the conformal symmetry is to construct an action by means of the
Weyl tensor which, contrary to the Riemann tensor, is invariant under conformal transformations.
These models, however, lead to higher order equations of motion while the standard Einstein
equations are second order. For instance, the most simple case is the so-called Weyl-squared
gravity which provides fourth-order equations of motion [1]. Recently, the mimetic gravity has
been suggested in which the conformal degree of freedom of gravity is encoded in an extra scalar
field which corresponds to the longitudinal mode of gravity. The model can be realized from the
conformal transformation [2]
gµν = (−g˜αβ∂αφ∂βφ) g˜µν , (1)
where gµν is the physical metric, g˜µν is an auxiliary metric and φ is a scalar field which contains
the conformal degree of freedom of gravity which is often called a mimetic scalar. From the above
transformation, we see that the physical metric is invariant under the conformal transformation
of the auxiliary metric. In comparison with the conformal gravity models that are based on the
action containing Weyl tensor leading to higher order equations of motion, the mimetic gravity has
second-order equations of motion much similar to GR. Indeed, the transformation Eq. (1) is the
singular limit of conformal transformations or more general transformations known as disformal
transformations [3]. The number of degrees of freedom does not change under a non-singular
conformal/disformal transformation [4] while it increases in the case of mimetic transformation
Eq. (1) so that the scalar field φ makes the longitudinal mode of gravity dynamical even in the
absence of any matter field. In the absence of any matter field, the mimetic term induces energy
density scaling like dark matter and this is the reason why the setup is known as mimetic dark
matter.
The mimetic dark matter scenario, however, suffers from caustics formations, beyond which the
mimetic scalar is ill-defined. This flaw stems from the mimetic constraint gµν∂µφ∂νφ = −1 and the
well-known fact that a congruence of timelike geodesics in the influence of gravity forms caustics
within the free-fall time. Indeed, the mimetic constraint implies that the hypersurface-orthogonal
vector uµ ≡ gµν∂νφ follows the geodesic equation uν∇νuµ = 0 and thus forms caustics, irrespective
of the equation of state and the sound speed of the effective fluid. In a conventional cold dark
matter scenario, the formation of caustics simply implies that the fluid approximation breaks down
and that the system should be described as a collection of particles via the Boltzmann equation. On
the other hand, in the mimetic scenario there is no known alternative description when the scalar
field description breaks down. Moreover, the sound speed of the curvature perturbations vanishes
in the mimetic dark matter scenario and quantum fluctuations of the scalar field are not well-
defined. Adding higher derivative term can generate nonzero sound speed [5] while ghost/gradient
instabilities arise [6]. Although it is shown that these instabilities can be removed by adding a
non-minimal coupling between the scalar field and curvature [7], the resultant models are very
complicated [8]. It is therefore worthwhile considering modification of the scalar mimetic theory
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that may potentially avoid caustics formations and also provides healthy propagating scalar mode.
One such possibility may be to consider a vector field instead of a scalar field, since odd-spin
fields may easily exhibit repulsive forces. In Ref. [9] (see also Refs. [10]), as a first step towards
such considerations, we have proposed a stable gauge field extension of the mimetic gravity in
which the scalar field is replaced by a gauge field so that the conformal transformation Eq. (1) is
replaced by
gµν =
(−g˜ραg˜σβFαβFρσ) 12 g˜µν , (2)
where Fµν = ∂µAν − ∂νAµ is the field strength of the U(1) gauge field Aµ. In comparison with the
standard scalar mimetic transformation (1), the square root of the kinetic term F 2 has appeared
in Eq. (2). This can be understood, if we note that the inverse of the metric enters twice in
g˜ραg˜σβFαβFρσ while it appears only once in the case of scalar mimetic transformation (1). It is
easy to show that the transformation (2) implies the following constraint
F µνFµν + 1 = 0 . (3)
The gauge fields can have any internal symmetry while the model is defined in the spirit of the
spacetime transformation so that the physical metric is invariant under a conformal transformation
of the auxiliary metric. In order to study the cosmological implications of the model, in Ref. [9]
we have considered three U(1) gauge fields and assumed a global O(3) symmetry in the field space,
and we have then found the associated cosmological solutions in spatially flat FLRW spacetime. At
the background level, we found that the mimetic term with the internal O(3) symmetry induces
an energy density component scales as ∝ a−2 similar to the spatial curvature energy density.
This similarity is only held at the dynamical level. The standard spatial curvature, however, not
only contributes to the dynamics through the Einstein equations but also changes the geometrical
properties of the universe that affects e.g. the geodesic motion. It is therefore natural to explore the
cosmological solutions of the gauge field mimetic model in spatially curved FLRW background.
This is our main purpose in the present paper. Since in closed and open universes the spatial
sector of spacetime have nontrivial closed S3 and open H3 topologies, we have to consider a
complete SU(2) gauge symmetry for the internal field space rather than the combination of the
U(1)×U(1)×U(1) gauge symmetry and the global O(3) symmetry which we have already studied
in Ref. [9, 12]. The global O(3) symmetry can be considered as the global limit of the SU(2)
gauge symmetry and therefore we will have all the results of the case of global O(3) symmetry
plus some new effects coming from the local properties of the SU(2) model. We will show that,
as we expected, there are two different types of energy density components which behave like
∝ a−2: the standard one coming from the spatial curvature of the metric and another one coming
from the mimetic term. The first type contributes to both geometry and the dynamics of the
universe while the latter contributes only to the dynamics. Therefore, the degeneracy between
them breaks in the sense that the geometrical and dynamical spatial curvatures behave differently
and their contributions in cosmological observables can be constrained in different manners by
various cosmological observations [11].
3
2 The Model
Our model is the SU(2) Einstein-Yang-Mills system which in addition respects the mimetic gauge
field constraint Eq. (3). The constraint (3) can be taken into account through a Lagrange multiplier
[13] and the action of the model is thus given by
S =
∫
d4x
√−g
[ 1
2
R− λ′(2 tr(FµνF µν) + 1)+ 2Λ tr(FµνF µν) ] , (4)
where Fµν = ∂µAν − ∂νAµ − ig [Aµ, Aν ] is the SU(2) field strength with g is the gauge coupling
constant and µ, ν = 0, 1, 2, 3 represent spacetime indices. In our analysis we set MP = 1 where
MP is the reduced Planck mass.
The auxiliary field λ′ enforces the mimetic constraint
2 tr(FµνF
µν) = −1 , (5)
which is the non-Abelian extension of Eq. (3). Note that this is a trivial generalization since the
conformal invariance of the mimetic models are defined in the spirit of the spacetime transforma-
tions [9].
The constant parameter Λ plays the roles of the cosmological constant thanks to the mimetic
constraint (5). This can be easily seen if we perform the field redefinition λ′ → λ = λ′ − Λ which
transforms the action (4) into the following form
S =
∫
d4x
√−g
[ 1
2
R− λ(2 tr(FµνF µν) + 1)− Λ ] . (6)
From the above action it is clear that Λ is nothing but the cosmological constant term. Since
we are interested in the effects of the mimetic term, from now on we neglect the Maxwell term in
the action (4) and work with the following action
S =
∫
d4x
√−g
[ 1
2
R− λ(2 tr(FµνF µν) + 1) ] , (7)
which includes only the Einstein-Hilbert term and the mimetic term. The effects of the Maxwell
term can be easily taken into account by adding a cosmological constant to the setup.
Now, let us expand the gauge field as Aµ = A
a
µTa in which Ta are the generators of the SU(2)
group satisfying [Ta, Tb] = iabcTc with a, b, c = 1, 2, 3 label the gauge group indices. The field
strength then takes the following components
F aµν = ∂µA
a
ν − ∂νAaµ + g abcAbµAcν , (8)
where the last term includes the local gauge symmetry effects. In the global limit g → 0, the above
definition coincides with its global O(3) counterpart which was studied in [9].
In the component form, the mimetic constraint (5) then turns out to be
δabg
µαgνβF aαβF
b
µν = −1 , (9)
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where we have used the fact that tr(TaTb) =
1
2
δab.
Varying the action (7) with respect to the metric, we obtain the Einstein equations
Gµν = T
µ
ν , (10)
where Gµν is the Einstein tensor and the energy-momentum tensor is given by
T µν = 4λF
µα
a F
a
να . (11)
In obtaining the above energy-momentum tensor, we have used the mimetic constraint (9).
Varying the action (7) with respect to the gauge field Aaµ, we obtain the associated Yang-Mills
equations
∇µF aµν + g abcAbµF cµν = −λ−1∇µλF aµν . (12)
The Einstein equations (10) and Yang-Mills equations (12) determine the evolution of the metric
and gauge fields. In the following sections, we solve these coupled system of equations for the
spatially flat and curved FLRW background geometries.
3 Spatially Flat FLRW
Before considering the mimetic SU(2) gauge theory with the action Eq. (7) in spatially curved
FLRW spacetimes, it is useful to consider it in a spatially flat case with the background metric
ds2 = a2(τ)
(− dτ 2 + dx2 + dy2 + dz2 ) , (13)
where a(τ) is the scale factor, τ is the conformal time and xi are spatial cartesian coordinates. We
need an ansatz for the gauge field which is consistent with the symmetry of the background (13).
A consistent ansatz in cartesian coordinates is [12]
gAaµ = A(τ)δ
a
µ . (14)
If one being interested only in spatially flat FLRW solutions, it is easier to work in cartesian
coordinates. Our aim is, however, to study the model in a spatially curved FLRW background
and, therefore, it is better to work with spherical coordinates in which the metric (13) takes the
following form
ds2 = a(τ)2
(− dτ 2 + dr2 + r2(dθ2 + sin2 θdϕ2)) . (15)
The gauge field ansatz (14) in terms of spherical coordinates is given by
gA1µ = A(τ)
(
0, cosϕ sin θ, r cosϕ cos θ,−r sinϕ sin θ) , (16)
gA2µ = A(τ)
(
0, sinϕ sin θ, r sinϕ cos θ, r cosϕ sin θ
)
,
gA3µ = A(τ)
(
0, cos θ,−r sin θ, 0) .
Of course, all the results are the same if one works with either Eqs. (13)-(14) or Eqs. (15)-(16).
Nonetheless, from the latter expression, we can obtain better intuition about the gauge field ansatz
in the more complicated case of the spatially curved FLRW background.
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The mimetic constraint Eq. (9) implies
6A˙2
g2a4
− 6A
4
g2a4
= 1 , (17)
where a dot denotes derivative with respect to the conformal time. Solving the above constraint
equation gives
A˙ = ∓
√
A4 +
g2a4
6
. (18)
The Einstein equations (10) give
3H2 = ρa2 , 2H˙ +H2 = −pa2 , (19)
where H = a˙/a denotes the comoving Hubble expansion rate and we have defined the energy
density ρ = −T ττ and pressure p = 13(T rr + T θθ + Tϕϕ ) as
ρ = 2λ+ 12λ
A4
g2a4
, (20)
p = −2λ
3
+ 4λ
A4
g2a4
. (21)
The equation of motion for the gauge fields (12) implies
A¨+ 2A3 = − λ˙
λ
A˙ . (22)
In the global limit, i.e. g → 0 with A/g kept constant, Eq. (19) correctly reduces to equations
(25) and (26) of Ref. [9]. The first terms in (20) and (21) containing λ come from the global sector
of SU(2) gauge symmetry which scale like the spatial curvature energy density with equation of
state parameter w = −1/3. The second terms, which have the radiation-like equation of state
parameter w = 1/3, come from the local sector which were absent in [9].
3.1 Solving background equations
In order to solve the background equations, it is better to work with the following dimensionless
energy density parameters
Ωλ ≡ 2λ
3H2
, Ωr ≡ 4λ
H2g2
A4
a4
, (23)
where H = a−1H is the Hubble parameter. The Friedmann equation (19) reduces to
Ωλ + Ωr = 1 . (24)
The total energy content of the universe is determined by the radiation Ωr which comes from
the local sector of the SU(2) gauge symmetry, and Ωλ which is originated from the global sector
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of SU(2) gauge symmetry and behaves like the spatial curvature energy density. The latter term
was also present in [9] where the internal field space had the global O(3) symmetry. Since the
contribution of Ωλ mimics the effects of spatial curvature in Friedmann equation, we denote this
term by the “mimetic spatial curvature-like” term.
In terms of the energy density parameters defined in Eq. (23), the Raychuadhuri equation (19)
can be written as
1
H
dH
dN
= −(1 + Ωr) , (25)
where N = ln a is the number of e-folds and also we have used (24).
The mimetic constraint (18) then implies
1
A¯
dA¯
dN
= −1∓ 1
βHA¯
√
1 + A¯4 , (26)
where we have defined
A¯ ≡ βA
a
, with β ≡
( 6
g2
) 1
4
. (27)
From Eq. (23), this new variable can be expressed in terms of the dimensionless energy densities
as
A¯ =
(Ωr
Ωλ
) 1
4
=
( Ωr
1− Ωr
) 1
4
. (28)
The gauge field equations then yield
1
λ
dλ
dN
= − 2
1 + A¯4
± 4A¯
3
βH
1√
1 + A¯4
. (29)
Differentiating Ωr defined in Eq. (23) and then substituting Eqs. (25), (26) and (29) we obtain
1
Ωr
dΩr
dN
= −4(1− Ωr)∓ 4
βH
(1− Ωr)
(
Ωr(1− Ωr)
)− 1
4 , (30)
where the upper and lower solutions respectively correspond to the the upper and lower solutions
in Eq. (26).
Now, our task is to find the solution for the system of the first order differential equations (25)
and (30). These equations cannot be solved analytically and therefore we have implemented the
numerical methods. The results for two possible cases in Eq. (30) are shown in Figs. 1a and
1b. From Fig. 1a we see that there are two phases. At first Ωλ dominates while after sufficiently
long time Ωr finally dominates. This shows that in this case, there is an unstable phase during
the radiation dominated era that the mimetic spatial curvature-like energy density dominates and
then decays.
Of more interest is the behaviour in Fig. 1b which shows that as time passes, the density pa-
rameter Ωλ of the mimetic spatial curvature-like term starts to increase while that of the radiation
decreases and finally the mimetic spatial curvature-like energy density dominates. In this case,
we have an energy density which behaves like the spatial curvature which appears only at the dy-
namical level. This type of the energy content is absent in GR. Therefore, it is quite reasonable to
7
Figure 1: Evolution of the energy density parameters in spatially flat universe k = 0
(a) The lower solution of Eq. (30): The initial
conditions are Ωr = 0.6 and H = 10
−3 with the
gauge coupling parameter β = 106.
(b) The upper solution of Eq. (30): The initial
conditions are Ωr = 0.6 and H = 10
−3 with the
gauge coupling parameter β = 106.
study the model (7) in spatially curved spacetimes. We therefore have two energy density compo-
nents with completely different origins which behave in the same manner in the FLRW background
at the dynamical level. Since the mimetic spatial curvature-like energy density appears only at
the dynamical level, in principle we should be able to discriminate these energy densities at the
geometrical/kinematical level.
4 Spatially Curved FLRW
In this section, we find cosmological solutions of the theory described by the action Eq. (7) in
spatially curved FLRW backgrounds. The metric is given by
ds2 = a(τ)2
(− dτ 2 + dr2 + b(r)2(dθ2 + sin θ2dϕ2)) , (31)
where b(r) = sin r and b(r) = sinh r for the closed (k = 1) and open (k = −1) cases respectively.
In the case of b(r) = r we obtain the flat FLRW background (k = 0) given in Eq. (15).
The line element Eq. (31) is invariant under the action of the G6 isometry group which includes
spatial rotation and translations. We therefore should consider an ansatz for the gauge field which
has the same symmetry (up to the SU(2) gauge symmetry). The ansatz Eq. (16) respects the
symmetry of (31) only for the flat FLRW case (k = 0). In order to be able to accommodate the
spatially curved (k = ±1) FLRW backgrounds, we therefore consider the generalization of the
Witten ansatz [14], following [15]. In coordinates defined by the metric (31), it is given by
gAa0 = ω0L
a
1 , gA
a
1 = ω1L
a
2 , (32)
gAa2 = K2L
a
2 − (1−K1)La3 , gAa3 = [(1−K1)La2 +K2La3] sin θ ,
where ω0, ω1, K1, and K2 are functions of τ and r, and L
a
b are defined as
La1 = (sin θ cosϕ, sin θ sinϕ, cos θ) , (33)
La2 = (cos θ cosϕ, cos θ sinϕ,− sin θ) ,
La3 = (− sinϕ, cosϕ, 0) .
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Now, to find the solutions of the unknown functions ω0, ω1, K1, and K2 in the spatially curved
background, we should insert Eq. (32) into the Einstein equations with energy-momentum tensor
Eq. (11) and the gauge field equations (12).
Following Ref. [15], we consider the field redefinitions
ω0 ≡ ω¯0 + α˙ , ω1 ≡ ω¯1 + α′ , K1 ≡ f cosα , K2 ≡ f sinα , (34)
where α, ω¯0, ω¯1 and f are functions of τ and r. We remind that a dot represents the derivative with
respect to conformal time τ while a prime indicates a derivative with respect to r. The advantage
of working with these new functions is that the function α is pure gauge which does not satisfy
any independent equation.
Substituting Eq. (32) in the mimetic constraint Eq. (9) and then using Eq. (34), we find the
following expression for the mimetic constraint in the spatially curved FLRW background (31),
2
g2a4b4
[
(f 2 − 1)2 − 2b2(f˙ 2 − f ′2)− 2f 2b2(ω¯20 − ω¯21)− b4(ω¯′0 − ˙¯ω1)2
]
= −1 . (35)
Substituting the ansatz (32) into the energy-momentum tensor Eq. (11), the nonzero compo-
nents of the energy-momentum tensor are
T ττ = −
4λ
g2a4b2
[
2f 2ω¯20 + 2f˙
2 + b2(ω¯′0 − ˙¯ω1)2
]
, (36)
T rr =
4λ
g2a4b2
[
2f 2ω¯21 + 2f
′2 − b2(ω¯′0 − ˙¯ω1)2
]
, (37)
T θθ = T
ϕ
ϕ =
4λ
g2a4b4
[
(f 2 − 1)2 − b2(f˙ 2 − f ′2)− b2f 2(ω¯20 − ω¯21)
]
, (38)
T τr = −
8λ
g2a4b2
(
f˙f ′ + ω¯0ω¯1f 2
)
. (39)
Having Eqs. (36)-(39) in hand, we can easily find the Einstein equations for our model (7) in
the spatially curved background Eq. (31).
What remain are the gauge field equations (12), which after substituting from Eqs. (31) and
(32), yield [
b2(ω¯′0 − ˙¯ω1)λ
]′
= 2λf 2ω¯0 , (40)[
b2(ω¯′0 − ˙¯ω1)λ
]˙
= 2λf 2ω¯1 , (41)
f ′′ − f¨ − f(f
2 − 1)
b2
− (ω¯21 − ω¯20)f =
λ˙
λ
f˙ − λ
′
λ
f ′ . (42)
In general, the auxiliary field can be a function of the conformal time and radial coordinate.
In our case, however, λ = λ(τ) is a consistent assumption which also simplifies the equations.
The gauge field equations (40)-(42), together with the Einstein equations with energy-
momentum tensor components (36)-(39) and the mimetic constraint Eq. (35) are non-linear
coupled system of equations for five unknown functions ω¯0, ω¯1, f , λ, and a. In order to solve
them, we introduce a new variable A(τ) as
ω¯′0 − ˙¯ω1 ≡ −A˙ , (43)
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and consider the following ansatz
f =
√
1 + (A2 − k)b2 . (44)
It is useful to note that the function b(r) satisfies b′ =
√
1− kb2 with k = 0,+1,−1 corresponding
to the flat, closed and open cases respectively. The function A(τ) is defined such that it reduces
to the function A(τ) in Eq. (16) in the flat space limit k → 0. Moreover, inspired by [15], we take
ω¯1 =
b2A(A2 − k)
1 + b2(A2 − k) . (45)
Substituting (43)-(45) into the gauge field equations (40) and (41), we find
ω¯0 = − bA˙
√
1− kb2
1 + b2(A2 − k) , (46)
while equation (42) then gives
A¨+ 2A(A2 − k) = − λ˙
λ
A˙ . (47)
Substituting Eqs. (44)-(46) in Eq. (35), the mimetic constraint takes the following simple form
6A˙2
g2a4
− 6(A
2 − k)2
g2a4
= 1 . (48)
From Eq. (39), we see that the off-diagonal component T τr of the energy-momentum tensor is
not zero. Since the background geometry (31) respects the isotropy, the Einstein equations implies
T τr = 0. Substituting Eqs. (44)-(46) into Eq. (39), we can easily find T
τ
r = 0 which show that our
setup is consistent.
Substituting Eqs. (44)-(46) into (36)-(38), we find the following simple forms for the energy
density and pressure
ρ = 2λ+ 12λ
(A2 − k)2
g2a4
, (49)
p = −2λ
3
+ 4λ
(A2 − k)2
g2a4
. (50)
The above relations correctly reduce to Eqs. (20) and (21) in the flat limit k → 0. From Eqs.
(49) and (50), we see that there are two types of matter components: the first term in the right
hand sides which is the mimetic spatial curvature-like term while all the effects of the standard
spatial curvature on the mimetic matter is to change the radiation component via A2 → A2 − k.
The standard spatial curvature also induces the familiar standard energy density in the geometrical
part and the Einstein equations then take the form
3H2 = (ρk + ρλ + ρr) a2 , (51)
2H˙ +H2 = −(pk + pλ + pr) a2 , (52)
10
where
ρk = −3k
a2
, ρλ = 2λ , ρr = 12λ
(A2 − k)2
g2a4
, (53)
and pk = −13ρk and pλ = −13ρλ.
The simplest qualitative scenario for the above system is that as time passes, the radiation
term first dominates and after it is diluted by the expansion of the universe, the mimetic spatial
curvature-like matter together with the standard spatial curvature term dominate. However, one
cannot discriminate the latter two from one another at the dynamical level. Moreover, we note
that ρλ interacts with the radiation component ρr in the early time which makes the simple picture
described above more complicated.
4.1 Solving background equations
The system of coupled differential equations (47), (48), (51), and (52) cannot be solved analytically.
Therefore, as in the case of spatially flat background, we should implement the numerical methods.
In order to do so, we define the dimensionless energy density parameters as
Ωλ ≡ 2λ
3H2
, Ωr ≡ 4λ
H2g2
(A2 − k)2
a4
, Ωk ≡ − k
a2H2
. (54)
The Friedmann equation (51) then simplifies to
Ωk + Ωλ + Ωr = 1 . (55)
In comparison with the spatially flat case of Eq. (24) where both density parameters were positive
and less than unity, here the standard spatial curvature energy density can take negative and
positive values for the closed and open universes respectively.
From the Raychuadhuri equation (52), we find the following equation for the evolution of the
Hubble expansion rate in terms of the number of e-folds N ,
1
H
dH
dN
= −(1 + Ωr) , (56)
which has the same from as its counterpart in the flat case given by Eq. (25). The mimetic
constraint Eq. (48) then can be rewritten in the following more appropriate form
1
A¯
dA¯
dN
= −1∓ 1
βHA¯
√
1 + (A¯2 + β2H2Ωk)2 , (57)
where A¯ and β are defined in Eq. (27). From Eq. (54), this new variable can be expressed in
terms of the Hubble parameter and the dimensionless energy densities as
A¯ = ±
(√
Ωr
1− Ωr − Ωk − β
2H2Ωk
) 1
2
, (58)
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which shows that A¯ is determined by the density parameters defined in Eq. (54) and the Hubble
expansion rate. Moreover, from the equation of motion of gauge fields (42) we find
1
λ
dλ
dN
= − 2
1 + (A¯2 + β2H2Ωk)2
± 4A¯
βH
(A¯2 + β2H2Ωk)√
1 + (A¯2 + β2H2Ωk)2
. (59)
Differentiating Ωr in Eq. (54) and then substituting from Eqs. (56)-(59) we obtain
1
Ωr
dΩr
dN
= −4 + 2Ωr(2− Ωk)
1− Ωk ∓ 4
1− Ωk − Ωr√
Ωr(1− Ωk)
(
1
β2H2
√
Ωr
1− Ωk − Ωr − Ωk
) 1
2
, (60)
where the upper and lower branches correspond respectively to the the upper and lower solutions
in Eq. (57). For Ωk = 0, the above equation correctly reduces to its flat counterpart Eq. (30).
Differentiating Ωk in Eq. (54) and then using Eq. (56) we find
1
Ωk
dΩk
dN
= 2Ωr . (61)
As discussed before, there are two types of energy densities which scale like a−2: the standard
one coming from the spatial curvature of the metric (31) and mimetic spatial curvature-like matter
coming from the global sector of the SU(2) gauge field. Correspondingly, we define the total
dynamical energy density parameter via
ΩTk = Ωk + Ωλ = 1− Ωr . (62)
Consequently, in Friedmann equation, the total curvature term at every moment of the evolution
of the universe is determined by ΩTk while the dynamics of the model determines how Ωk and Ωλ
individually contribute to the total energy density parameter.
We have to find the solutions for Ωk, Ωr and H from the system of the coupled first order
differential equations (56), (60), and (61). The numerical solutions for these functions are presented
in Figs. 2a, 3a, 4a, and 4b for the case of open universe and in Figs. 5a, 6a, 7a, and 7b for the
case of closed universe. Below we discuss the results with various initial conditions for different
branches of solutions in Eq. (60).
4.1.1 Open universe
For the open universe with k = −1, the standard spatial curvature energy density Ωk, defined in
Eq. (54), is always positive and less than unity through the Friedmann equation (55). Plots in
Figs. 2a, 3a, 4a, and 4b show possible situations for the open universe.
In Fig. 2a, the lower branch of the solution in Eq. (60) is plotted for the case when the open
universe is initially almost radiation dominated Ωr = 0.7 and the standard spatial curvature is
very small Ωk = 10
−6. The behaviour of the standard spatial curvature is shown in Fig. 2b which
shows that it just increases to about Ωk = 5 × 10−6. This small amount can be neglected in
comparison with the mimetic spatial curvature-like term which approaches to unity Ωλ = 1 after
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Figure 2: Evolution of the energy density parameters in open universe k < 0
(a) The lower solution of (60). The initial condi-
tions are Ωr = 0.7, H = 10
−3, Ωk = 10−6 with
β = 106.
(b) This figure is the same as the left figure but
plotted for different ranges of the vertical axis to
show the behaviour of Ωk.
Figure 3: Evolution of the energy density parameters in open universe k < 0
(a) The upper solution of (60). The initial values
are Ωr = 0.6, H = 10
−3, and Ωk = 10−6 with
β = 106.
(b) This figure is the same as the left figure but
plotted for different ranges of the vertical axis to
show the behaviour of Ωk.
about one e-fold. Similar to the lower branch of the flat case in Eq. (30), it finally approaches
to zero Ωλ → 0 and radiation dominates with Ωr ' 1. The total energy density parameter ΩTk
defined in Eq. (62) is almost equal to the mimetic spatial curvature-like term most of the time,
ΩTk ' Ωλ. This is clear from Fig. 2a where the dashed line, representing the total energy density
ΩTk , always mimics the solid orange curve which is the mimetic spatial curvature-like term.
The behaviour of the upper solution of Eq. (60) is plotted in Fig. 3a with the same initial
conditions as in Fig. 2a. Similar to the previous case in Fig. 2a, the contribution of the standard
spatial curvature is always small ( see also Fig. 3b) and most of the time the total spatial curvature
is equal to the mimetic spatial curvature-like term. The difference compared to the previous case
in Fig. 2a is that the universe is finally dominated by the mimetic spatial curvature-like matter.
The plots in Fig. 4a show the lower solution of Eq. (60) with different initial conditions than
the case in Fig. 2a in which the universe initially has almost large spatial curvature Ωk = 0.5 and
small fraction of radiation Ωr = 0.11. Therefore, from Eq. (55) we find that initially Ωλ = 0.39. As
the system evolves, Ωk increases and Ωλ decreases so that finally the total spatial curvature is given
by the standard spatial curvature, ΩTk ' Ωk. In this example, the mimetic spatial curvature-like
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Figure 4: Evolution of the energy density parameters in open universe k < 0
(a) The lower solution of (60). The figure is plot-
ted for the initial values Ωr = 0.11, H = 10
−3 and
Ωk = 0.5 with β = 10
2.
(b) The upper solution of (60). The initial values
are Ωr = 0.2, H = 10
−3 and Ωk = 0.7 with β =
102.
matter has no effects on the final value of the total energy density ΩTk .
The behaviours of the upper solution of Eq. (60) with somewhat large spatial curvature con-
tribution, Ωk = 0.7, and small contribution of radiation, Ωr = 0.2, are plotted in Fig. 4b. Interest-
ingly, the contribution of the standard spatial curvature increases slowly while the contribution of
the mimetic spatial curvature-like matter increases with a larger rate. The total dynamical spatial
curvature ΩTk , shown with the dashed curve, then receives contributions from both the standard
spatial curvature and the mimetic spatial curvature-like matter.
4.1.2 Closed universe
For the closed universe with k = 1, the density parameter of the standard curvature term is
negative, Ωk < 0. We have plotted the possible situations in Figs. 5a, 6a, 7a, and 7b for this case.
The lower solution in Eq. (60) for a closed universe is plotted in Fig. 5a. The initial conditions
are considered so that the universe is almost radiation dominated with Ωr = 0.7 while the spatial
curvature is small Ωk = −10−2. The result shows that the contribution of the total dynamical
spatial curvature is almost equal to the contribution of the mimetic spatial curvature-like matter
which finally approaches zero. The evolution of the contribution of the standard spatial curvature
is shown in figure 5b which shows a slight enhancement that is negligible in the total spatial
curvature.
The upper solution of Eq. (60) for Ωr = 0.6 and Ωk = −10−2 is plotted in Fig. 6a. Similar
to the previous case shown in Fig. 5a, the contribution from the standard spatial curvature is
negligible (see Fig. 6b) and the total spatial curvature is almost equal to the mimetic spatial
curvature-like term. Contrary to the previous case, however, the mimetic spatial curvature-like
matter finally dominates.
In Fig. 7a the lower solution of Eq. (60) is plotted for Ωr = 0.1 and Ωk = −0.65. The
contribution of the mimetic spatial curvature-like matter decreases and approaches zero and the
total energy density is finally given only by the standard spatial curvature.
The upper solution of Eq. (60) for Ωr = 0.2 and Ωk = −0.7 is plotted in Fig. 7b. The closed
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Figure 5: Evolution of the energy density parameters in closed universe k > 0
(a) The lower solution of (60). The initial condi-
tions are Ωr = 0.7, H = 10
−3, Ωk = −10−2 with
β = 106.
(b) This figure is the same as the left figure but
is focused on different ranges to see the behaviour
of Ωk.
Figure 6: Evolution of the energy density parameters in closed universe k > 0
(a) The upper solution of (60). The initial values
are Ωr = 0.6, H = 10
−3, and Ωk = −10−2 with
β = 106.
(b) This figure is the same as the left figure but
is focused on different ranges to see the behaviour
of Ωk.
Figure 7: Evolution of the energy density parameters in closed universe k > 0
(a) The lower solution of (60). The figure is plot-
ted for the initial values Ωr = 0.1, H = 10
−3 and
Ωk = −0.65 with β = 102.
(b) The upper solution of (60). The initial values
are: Ωr = 0.2, H = 10
−3 and Ωk = −0.7 with
β = 102.
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universe ends up with the spatial curvature dominated era so that the total spatial curvature
receives positive and negative contributions from the mimetic spatial curvature-like matter and
the standard spatial curvature respectively.
There are two interesting situations which can potentially happen in this scenario: i) The
mimetic spatial curvature-like matter being the dominant contribution in the total spatial curvature
ΩTk . We have seen that this is possible in both open and closed universes which is clear from Figs.
3a and 6a for the open and closed universes respectively. We therefore can have significant spatial
curvature energy density at the dynamical level while it can be very small at the geometrical level
where only the standard spatial curvature is present. This is very different than what we have
in GR where spatial curvature of the metric determines the total spatial curvature at both the
geometrical and dynamical levels. ii) The mimetic spatial curvature-like matter and the standard
spatial curvature can have opposite signs and therefore can cancel each other. In this respect, we
can have no significant total spatial curvature at the dynamical level and the model is almost like
in GR without any spatial curvature at the background level while it is expected to be completely
different at the level of perturbations.
From above discussions we have seen that the mimetic spatial curvature-like matter Ωλ con-
tributes to the total spatial curvature of the universe ΩTk at the dynamical level and it can compete
with the standard spatial curvature Ωk. So, it is interesting if we could discriminate between the
mimetic spatial curvature-like matter and the standard spatial curvature. In order to do this, we
note that the mimetic matter only appears at the level of dynamics while the standard spatial
curvature appears at both the dynamical and geometrical levels. For instance, the mimetic spatial
curvature-like matter has nothing to do with the geodesic equation which determines the path of
light in the gravitational lensing scenario while the standard spatial curvature of the metric affects
the geodesic equations. Therefore, we can distinguish between the mimetic spatial curvature-like
matter and the standard curvature term via two different cosmological observations.
5 Summary and Conclusions
As a unique singular limit of scalar conformal transformations, the mimetic gravity can provide
an energy density which mimics the roles of the dark matter in cosmological backgrounds. The
conformal mode of the gravity is encoded in the scalar field in this scenario and it is plausible to
replace it with any other field to find other possible mimetic scenarios. In the case of a gauge
field, in which we are interested in this paper, we have to consider a symmetry homomorphic to
the O(3) symmetry for gauge fields in order to be able to find an isotropic cosmological solution.
The most simple choice is the O(3) symmetry itself which we have considered in Ref. [9]. We
have found there that the model provides energy density which behaves as ∝ a−2 in spatially
flat FLRW background. It is then interesting to extend the setup to the case of spatially curved
FLRW background and see how the total spatial curvature behaves in the presence of the genuine
spatial curvature-like matter. In order to do this, however, we have to take into account the
SU(2) gauge symmetry due to the nontrivial topologies of the spatial sectors of the metric in the
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spatially curved FLRW spacetimes. Therefore, we have studied the mimetic SU(2) gauge theory
in this paper. We first studied the case of mimetic SU(2) gauge theory in the spatially flat FLRW
background which is useful for the comparison of the results of the spatially curved setup with the
spatially flat case. The mimetic constraint forces the kinetic term of the gauge field to be constant
so that it behaves like the cosmological constant. The mimetic sector provides two energy density
components: one behaving like radiation ∝ a−4 and another behaving ∝ a−2. In Friedmann
equation, the total dynamical spatial curvature then consists of two different components: one is
the standard geometrical component and another coming from the mimetic term. The latter has
only dynamical contributions and it is absent at the geometrical level while the standard spatial
curvature is present at both the dynamical and geometrical levels. In this sense, we found that
the degeneracy of the spatial curvature at the dynamical and geometrical levels is resolved in this
setup. If we have a non-degenerate observations which separately measure the dynamical and
geometrical properties of the universe, we can find observational signatures of the model.
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